Convergence of a new iterative scheme, containing Mann and Ishikawa iterative schemes, for asymptotically nonexpansive mappings on a 2-uniformly convex hyperbolic space is studied. As application, we find a solution of a system of certain nonlinear functional equations in uniformly convex Banach spaces. MSC: 47H09; 47H10
Introduction
The Banach contraction principle asserts that a contraction on a complete metric space has a unique fixed point and its proof hinges on 'Picard iterations' . This principle is applicable to a variety of subjects such as integral equations, partial differential equations and engineering of image processing.
Many important nonlinear problems of mathematics reduce to nonlinear functional equations such as nonlinear integral equations and boundary value problems for nonlinear ordinary or partial differential equations which can be translated in terms of a fixed point equation Tx = x for a given nonlinear mapping T on a Banach space or a metric space.
Browder and Petryshyn [] solved the equation
for a given element f of X (Banach space) and described its relation with the properties of Picard iterates, i.e., the sequence {x n } where
for an initial value x  . We know that Picard iterates of nonexpansive mappings fail to converge even on a Banach space. Therefore, Mann [] iterates were introduced to approximate fixed points of nonexpansive mappings. Mann iterates were not adequate for the approximation of fixed points of pseudocontractive mappings and this led to the introduction of Ishikawa iterates [] .  licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. http://www.fixedpointtheoryandapplications.com/content/2013/1/290
Let C be a nonempty subset of a metric space (X, d). A mapping T of C into itself is (i) asymptotically nonexpansive if there is a sequence {k n } ⊂ [, ∞) with k n →  as n → ∞ and d(T n x, T n y) ≤ k n d(x, y) for all x, y ∈ C (when k n =  for each n ≥ , it becomes nonexpansive); (ii) semi-continuous if for any bounded sequence {x n } in C satisfying d(x n , Tx n ) → , there exists a subsequence {x n i } of {x n } such that x n i → x ∈ C; (iii) completely continuous if every bounded sequence {x n } in C implies that {Tx n } has a convergent subsequence. Nonexpansive mappings (the class of nonlinear mappings containing contractions as a subclass) remain a popular area of research in various fields. The iterative construction of fixed points of these mappings is a fascinating field of research. The fixed point problem for some nonlinear mappings has been studied on linear as well as nonlinear domains
Numerous papers have appeared on the iterative construction of fixed points of asymptotically nonexpansive and asymptotically quasi-nonexpansive mappings in uniformly convex Banach spaces [, , , -].
The Ishikawa iterative scheme for two asymptotically nonexpansive mappings S and T is defined as 
When β n =  in (.), we have the Mann [] type iterative scheme An extension of a linear version (usually in Banach spaces) of a known result to metric fixed point theory has its own importance. As Mann and Ishikawa iterative schemes involve general convex combinations, we need some convex structure in a metric space to investigate their convergence on a nonlinear domain.
Let (X, d) be a metric space. Suppose that there exists a family of metric segments such that any two points x, y in X are endpoints of a unique metric segment
Such metric spaces are usually called convex metric spaces [] . One can easily deduce x ⊕ y = y, x ⊕ y = x and αx ⊕ ( -α)x = x from the definition of a convex metric space
A convex metric space X is hyperbolic if
for all x, y, z, w ∈ X and α ∈ I (see also [] ). For z = w, the hyperbolic inequality reduces to convex structure []
A nonempty subset C of a convex metric space X is convex if αx ⊕ ( -α)y ∈ C for all x, y ∈ C and α ∈ I. A convex metric space X is uniformly convex if
for any a ∈ X, r >  and ε > . From now onwards we assume that X is a uniformly convex hyperbolic space with the property that for every s ≥ , ε > , there exists η(s, ε) >  depending on s and ε such that δ(r, ε) > η(s, ε) >  for any r > s. Xu For a fixed a ∈ X, r > , ε > , define
where the infimum is taken over all
We say that X is -uniformly convex if
It Ishikawa iterative scheme for two mappings
where  ≤ α n , β n ≤ . Ishikawa iterative scheme for one mapping
Mann iterative scheme
In the sequel, the following results are needed.
Lemma  []
Suppose that X is a -uniformly convex hyperbolic space. Then, for any α ∈ (, ), we have that
Lemma  [] Let {r n }, {s n } and {t n } be nonnegative real sequences and satisfy r n+ ≤ ( + s n )r n + t n for all n ≥ .
If
∞ n= s n < ∞ and ∞ n= t n < ∞, then lim n→∞ r n exists.
Our purpose in this paper is to approximate a common fixed point of two asymptotically nonexpansive mappings through iterative scheme (.) in -uniformly convex hyperbolic spaces. This work provides a unified approach to convergence results for Mann and Ishikawa iterative schemes. Proof Let p ∈ F. By (.) and (.), we have
Since {k n } is bounded, therefore
Lemma  Let C be a nonempty convex subset of a hyperbolic space X, and let S, T : C → C be asymptotically nonexpansive mappings with sequence {k
for all n > n  ≥ , p ∈ F and some s > .
Proof With the help of inequality x ≤ e x- for x ≥  and (.), we have 
Theorem  Let C be a nonempty closed and convex subset of a complete hyperbolic space X, and let S, T : C → C be asymptotically nonexpansive mappings with sequence {k
This proves that {x n } is a Cauchy sequence. Since X is complete and C is its closed subset, therefore lim n→∞ x n = q ∈ C. Now lim n→∞ d(x n , F) =  gives that d(q, F) = . As F is closed, so q ∈ F.
Lemma  Let C be a nonempty convex subset of a -uniformly convex hyperbolic space X, and let S, T : C → C be asymptotically nonexpansive mappings with sequence {k
Proof Let p ∈ F. Then, by Lemma , we have
Since lim n→∞ d(x n , p) exists, therefore we have
This inequality implies the following two important inequalities:
Let m be any positive integer. Summing up the terms from  to m on both sides in inequality (.), we have
When m → ∞ in the above inequality, we get that Adapting a similar procedure for inequality (.), we get that
together with (.) and (.) gives that
Next we prove that
Note that
gives that
Similarly,
That is,
The following concept is needed to proceed further. Let f be nondecreasing on [, ∞) with f () =  and f (t) >  for all t ∈ (, ∞). Then the mappings S, T : C → C with F = ∅ satisfy Condition (A) if
Using Condition (A) and Theorem , we prove a convergence theorem in complete -uniformly convex spaces as follows.
Theorem  Let C be a nonempty convex subset of a complete -uniformly convex hyperbolic space X. Let S, T : C → C be asymptotically nonexpansive mappings with sequence {k n } ⊂ [, ∞) such that ∞ n= (k n -) < ∞ and satisfy Condition (A). Define {α n } and {β n } to satisfy  < ε ≤ α n , β n ≤  -ε for n ≥ . Then the sequence {x n } in (.) converges to a point in F.
Proof By Lemma , lim n→∞ d(Sx n , x n ) =  = lim n→∞ d(Tx n , x n ). Using Condition (A), we get that lim n→∞ d(x n , F) = . Now Theorem  gives that {x n } converges to a point in F.
Another convergence theorem is established in the following result under any of Conditions (ii)-(iii) without requiring the completeness of the space X.
Theorem  Let C be a nonempty convex subset of a -uniformly convex hyperbolic space X. Let S, T : C → C be asymptotically nonexpansive mappings with sequence {k n } ⊂ [, ∞) such that ∞ n= (k n -) < ∞ and either S or T is semi-compact. Define {α n } and {β n } to satisfy  < ε ≤ α n , β n ≤  -ε for all n ≥ . Then the sequence {x n } in (.) converges to a point in F.
Proof Lemma  gives that lim n→∞ d(Sx n , x n ) =  = lim n→∞ d(Tx n , x n ). Suppose that T is semi-compact. Since lim n→∞ d(x n , p) exists, therefore {x n } is bounded. As lim n→∞ d(Tx n , x n ) =  and T is semi-compact, so there is a subsequence {x n i } of {x n } such that x n i → q ∈ C, and hence Tx n i → Tq and Sx n i → Sq. where y n = x n for all n ≥ .
